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A method is de vel oped for cal cu lat ing fields pro duced with a two-di men sional (2D) ar ray trans ducer.
This method de com poses an ar bi trary 2D ap er ture weight ing func tion into a set of lim ited dif frac tion ar -
ray beams.  Us ing the an a lyt i cal ex pres sions of lim ited dif frac tion beams, ar bi trary con tin u ous wave
(cw) or pulse wave (pw) fields of 2D ar rays can be ob tained with a sim ple su per po si tion of these beams. 
In ad di tion, this method can be sim pli fied and ap plied to a 1D ar ray trans ducer of a fi nite or in fi nite el e va -
tion height.  For beams pro duced with ax i ally sym met ric ap er ture weight ing func tions, this method can
be re duced to the Fou rier-Bessel method stud ied pre vi ously where an an nu lar ar ray trans ducer can be
used.  The ad van tage of the method is that it is ac cu rate and computationally ef fi cient, es pe cially in re -
gions that are not far from the sur face of the trans ducer (near field), where it is im por tant for med i cal im ag ing. 

Both com puter sim u la tions and a syn thetic ar ray ex per i ment are car ried out to ver ify the method.  Re -
sults (Bessel beam, fo cused Gaussi an beam, X wave and asym met ric ar ray beams) show that the method
is ac cu rate as com pared to that us ing the Ray leigh-Sommerfeld dif frac tion for mula and agrees well with
the ex per i ment. 

Key words:  Fou rier-Bessel method; lim ited dif frac tion ar ray beams; Ray leigh-Sommerfeld dif frac tion
for mula; two-di men sional ar ray trans duc ers; ul tra sound beams; ul tra sound field com pu ta tions. 

I. IN TRO DUC TION

Trans duc ers are an es sen tial part of med i cal ul tra sound im ag ing sys tems.1  In ear lier sys -
tems, trans duc ers usu ally had a sin gle el e ment fo cused with a lens and im ages were formed
by steer ing the beams me chan i cally.2  Me chan i cal scan ning is slow and the trans ducer po si -
tion ing sys tem is bulky and is sub ject to me chan i cal wear.  In mod ern im ag ing sys tems, elec -
tronic fo cus ing and scan ning have re placed me chan i cal scan ning in com mer cial sys tems
ex cept at high fre quen cies.2  To steer and fo cus beams elec tron i cally, one-di men sional (1D)
ar ray trans duc ers are used.  Com mer cial 1D ar ray trans duc ers typ i cally have 128, 192 or 256
in de pend ent el e ments.  Al though 1D ar ray trans duc ers can steer and fo cus beams elec tron i -
cally in a plane de fined by the ar ray el e ments and its ax ial axis, they are not able to steer
beams or change fo cal dis tance dy nam i cally per pen dic u lar to this plane (el e va tion di rec -
tion).  To ad dress this prob lem, one-and-a-half di men sional (1.5D) or one-and-three-quar ter
di men sional (1.75D) ar ray trans duc ers were de vel oped.3, 4  The idea is to sub di vide the length 
of each 1D ar ray el e ment into a few subelements to gain some con trol of beams in the el e va -
tion di rec tion to im prove im age qual ity with out sig nif i cantly in creas ing the num ber of in de -
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pend ently-ad dress able el e ments (keep ing the rel a tive sim plic ity of the elec tron ics that
han dle the sig nals of trans duc ers).  Be cause the width of el e ments in the el e va tion di rec tion
in 1.5D or 1.75D ar ray trans duc ers is not small enough, it is dif fi cult to steer the beams with -
out caus ing sig nif i cant grat ing lobes in this di rec tion.  To be fully flex i ble in steer ing and fo -
cus ing beams in both di men sions for three-di men sional (3D) im ag ing, fully pop u lated
two-di men sional (2D) ar ray trans duc ers were de vel oped.5, 6  2D ar ray trans duc ers are also
use ful in ap pli ca tions such as phase ab er ra tion cor rec tion,7, 8 pro duc tion of lim ited dif frac tion 
beams,9 and high frame rate (HFR) 3D im ag ing.10-16  There fore, field com pu ta tions for 2D ar -
ray trans duc ers are cru cial in these ap pli ca tions. 

Lim ited dif frac tion beams were first stud ied by Stratton17 and later by Durnin et al.18, 19  In
1991, new fam i lies of lim ited dif frac tion beams called X waves were dis cov ered.20-22   Based
on X waves, lim ited dif frac tion ar ray beams23-25 and the high frame rate 2D and 3D im ag ing
meth ods have been de vel oped.10-16  Re cently, X waves have been ap plied to non lin ear op -
tics.26-34  The o ret i cally, lim ited dif frac tion beams can prop a gate to an in fi nite dis tance with -
out spread ing.  In prac tice, when these beams are pro duced with fi nite en ergy and ap er ture,
they have a large depth of field. This prop erty is use ful in many ap pli ca tions.35 

In this pa per, a method is de vel oped to cal cu late the fields pro duced by 2D ar ray trans duc -
ers.36  In this method, the ap er ture weight ing func tion of a 2D ar ray trans ducer is de com posed 
into lim ited dif frac tion ar ray beams of dif fer ent pa ram e ters.23-25  Be cause lim ited dif frac tion
beams are prop a ga tion in vari ant, they have sim ple an a lyt i cal ex pres sions and thus the to tal
field of a trans ducer can be ob tained by a di rect lin ear su per po si tion of these beams.  In ad di -
tion, this method can be sim pli fied and ap plied to a 1D ar ray trans ducer of a fi nite or in fi nite
el e va tion height.  For beams pro duced with ax i ally  symmetric ap er ture weight ing func tions,
this method can be re duced to the Fou rier-Bessel method stud ied pre vi ously where an an nu -
lar ar ray trans ducer can be used.37-39  The ad van tage of the method is that it is ac cu rate and
computationally ef fi cient, es pe cially in re gions that are not far from the sur face of the trans -
ducer (near field), where it is im por tant for med i cal im ag ing. 

To ver ify the method, both com puter sim u la tions and a syn thetic ar ray ex per i ment40 are car ried
out to pro duce Bessel beams, fo cused Gaussi an beams, X waves and asym met ric ar ray beams
us ing 2D ar ray trans duc ers.  Re sults show that the method is ac cu rate as com pared to that us -
ing the Ray leigh-Sommerfeld (RS)41 dif frac tion for mula and agrees well with the ex per i ment.

The method above is dif fer ent from the ap proach us ing the tra di tional RS dif frac tion for -
mula,41 which is based on the Huygens’ prin ci ple and re quires a dou ble in te gra tion to cal cu -
late wave fields.  Al though the RS method is ac cu rate, the dou ble in te gra tion is time
con sum ing in nu mer i cal im ple men ta tion and is very dif fi cult to cal cu late fields that are re -
sulted from a rapid change of phase of the integrand (this hap pens when fields are near the
sur face and/or off the ax ial axis of the trans ducer).  Al though Fres nel and Fraun hofer ap -
prox i ma tions to the RS for mula may be used to re duce com pu ta tion in some cases, they are
lim ited to paraxial or far field ap pli ca tions.41 

Com pared to the spa tial im pulse re sponse meth ods,42-46 the method with lim ited dif frac tion 
ar ray beams has ad van tages.  Firstly, the co ef fi cients of dif fer ent lim ited-dif frac tion ar ray
beams for a given 2D ar ray trans ducer and its ap er ture weight ing func tion can be cal cu lated
sep a rately and stored.  These co ef fi cients can then be used to com pute fields at any point in
space by a sim ple 2D lin ear su per po si tion.  Sec ondly, the method can take ad van tage of fi -
nite band width of any prac ti cal sys tems to re duce com pu ta tions.  Thirdly, the method does
not have the prob lem of re quir ing an ex tremely high sam pling rate to cal cu late the im pulse
re sponses that may ex hibit Dirac-Delta func tion char ac ter is tics.  If the Nyquist sam pling rate 
is not met, im pulse re sponse meth ods may of ten pro duce sig nif i cant ar ti facts, lead ing to a
mis in ter pre ta tion of a pulse or im age sim u lated.  Fi nally, im pulse re sponse meth ods re quire
a com pli cated geo met ri cal op er a tion to cal cu late the im pulse re sponse of each trans ducer el -
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e ment and then summed them over all el e ments.  A nu mer i cal con vo lu tion is also needed to
ob tain the fi nal wave pulse for each point in space, which can also be time con sum ing at a
high sam pling rate. 

An other method is the an gu lar spec trum de com po si tion.41  This method may be compu -
tationally ef fi cient since a 2D fast Fou rier trans form (FFT) can be used.  How ever, when the
FFT is used, the field points in trans verse space are pre de ter mined on a rect an gu lar grid.  To
ob tain a field at an ar bi trary point in space, ei ther in ter po la tion or a high spa tial sam pling rate
is re quired.  In ad di tion, all field points at a given ax ial dis tance in space are cal cu lated even if 
only one or a few points in space are of in ter est at that depth, wast ing the com pu ta tion time. 
If the ap er ture weight ing func tion con tains abrupt changes such as sud den pres sure drop to
zero at the kerfs of a 2D ar ray trans ducer, a high sam pling rate over the 2D ap er ture may be
re quired to avoid aliasing. 

II. THE ORY 

In the fol low ing, for mu las for cal cu lat ing waves pro duced by 2D ar ray trans duc ers are de -
vel oped. The for mu las can also be sim pli fied for 1D or an nu lar ar ray trans duc ers. The iso tro -
pic/ho mo ge neous wave equa tion is given by:47  

where Ñ2 is the Laplace, F( , )
r
r t  is the acous tic pres sure, ve loc ity po ten tial or Hertz po ten tial

in free space, 
r
r x y z= ( , , ) is a point in the space, t is the time and c is the speed of sound in a

me dium or the speed of light in vac uum. 
Us ing the Fou rier trans form re la tion ship, a so lu tion to the wave equa tion can be ex pressed as: 

where 
~

( ; )F
r
r w  is the Fou rier trans form of F( , )

r
r t  in terms of time and w=2pf is the an gu lar

fre quency, where f is the fre quency. 
Lim ited dif frac tion beams such as X waves are so lu tions to Eq. (1).20-22  These so lu tions do

not dif fract in the ory, mean ing that once they are pro duced, they are able to prop a gate to an
in fi nite dis tance with out chang ing their pulse shape in both space and time.  With a lin ear su -
per po si tion of these beams of dif fer ent or ders, one ob tains the fol low ing lim ited dif frac tion
ar ray beam (see the der i va tions in ref er ences 10, 23-25), which is also a so lu tion to Eq. (1):

where the sub script ‘Ar ray’ means ar ray beam, u and v are in te gers, k=w/c is the wave num -
ber, A(k) is the elec tro me chani cal trans fer func tion of a trans ducer, Du,v(w) are com plex co ef -
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fi cients, c1=c/cosz is the wave speed, where z is the Axicon an gle10 of the X waves
(k x u

=ksinzcosq, k y v
=ksinzsinq and k z uv

=kcosz, where -p£q<p (or 0£q<2p) is a free pa ram -
e ter or the az i muthal an gle) and H(k) is the Heaviside step func tion:48

 
r

K k k kuv x y zu v uv
= ( , , ) is the wave vec tor and where 

From Eq. (3), one ob tains the spec trum of FArray
uv r t( , )

r
: 

~
( ; )

( ) ( )
( ),FArray

uv
u v

iK rr
A k H k

c
D e uv

r r r

w w= × (6)

If the sys tem is as sumed lin ear, the to tal field at 
r
r is a lin ear su per po si tion of those pro -

duced by Eq. (6) (as sum ing that the sum ma tion ex ists):

Now, let us de ter mine the co ef fi cients Du,v(w), for a 2D ar ray of a given ap er ture weight ing
func tion.  As sum ing that a pla nar 2D ar ray trans ducer is lo cated at the plane z=0, the field
pro duced at the trans ducer sur face is given by:

where 
~

( ; )Q r
r
1 w  is the field at the sur face of the trans ducer, 

r
r x y1 1 1 0= ( , , ) is a point at the sur -

face and wx and wy are the half widths of the ap er ture size of the ar ray trans ducer along the x1

and y1 axes, re spec tively (Fig. 1).  The ar ray trans ducer is as sumed to be sur rounded by a
rect an gu lar frame (wx<|x1|£Rx, wy<|y1|£Ry) with zero field am pli tude, where Rx and Ry are the
half widths of the outer frame.  In ad di tion, the pat tern in Eq. (8) is pe ri od i cally re peated out -
side of the frame bounded by (|x1|£Rx, |y1|£Ry) with pe ri ods of 2Rx and 2Ry in the x1 and y1 di -
rec tions, re spec tively.  Ap par ently, as both Rx®¥ and Ry®¥, Eq. (8) rep re sents a sin gle
ar ray with out a spa tial rep e ti tion. 

Since Eq. (8) is a pe ri odic func tion, it can be ex panded as a Fou rier se ries48 with pe ri ods of
2Rx and 2Ry along the x1 and y1 axes, re spec tively.  Let ting z=0 in Eq. (7), we ob tain such a se -
ries: 
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where

and 

and where u,v=±1, ±2, ±3, ¼ 
The co ef fi cients of the Fou rier se ries in Eq. (9) are given by:48

As sum ing that an ar ray trans ducer con sists of M´N rect an gu lar el e ments and the spa tially
quantized driv ing and ap er ture weight ing func tion of an el e ment cen tered at ( , )x y

m n1 1  is 
~

( )
~

( , ; ),F Fm n x y
m n

w w= 1 1 , where 1£ m£M, 1£ n£N, and M and N are in te gers, the in te gra tion
in Eq. (12) can be pre cal cu lated and stored as known co ef fi cients:
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where w xm
 and w yn

 are the half widths of the trans ducer el e ment cen tered at ( , )x y
m n1 1  along

the x1 and y1 axes, re spec tively, and sinc(×) is the sinc func tion.  If 
~

( ) ( ) ( , ),Fm n E G x y
m n

w w= 1 1 ,
where E(w) is the spec trum of the ex ci ta tion sig nal of the trans ducer and G x y

m n
( , )1 1  is a

trans ducer ap er ture weight ing func tion that is not a func tion of w, the dou ble sum ma tion in
Eq. (13) needs to be cal cu lated only once and then stored for all w, sav ing com puter mem ory
us age and speed ing up the com pu ta tion.  For a 1D ar ray trans ducer (N=1) with a fi nite el e va -
tion width (y1 di rec tion), the dou ble sum ma tion in Eq. (13) is re duced to a sin gle sum ma tion. 
If the height of the 1D ar ray in el e va tion is in fin ity, then k y v

º 0 and thus the field will not be a
func tion of y.  In this case, it is easy to ob tain a 1D ver sion of Eq. (13):

It is seen that both the in di ces v and n in Eq. (14) are re moved, greatly sim pli fy ing the com pu -
ta tion. 

From Eqs. (7) and (2), one ob tains the wave pro duced by a 2D ar ray (it is clear that this for -
mula as well as Eq. (7) show that lim ited dif frac tion beams are very use ful in form ing an a lyt -
i cally an ar bi trary phys i cal beam): 

where the co ef fi cient, A(k)H(k)Du,v(w)/c, is given by Eq. (13).   For a sin gle ar ray trans ducer
with out re peat ing over the plane, z=0, the Fou rier se ries in Eq. (15) can be eval u ated with
Fou rier integrals through the fol low ing lim its:48

In ul tra sonic im ag ing, the re gion of in ter est is usu ally in the near field and around the ax ial
axis of a trans ducer.  In this case, both Rx and Ry need only to be a few times big ger than the
cor re spond ing di men sions of the trans ducer to ob tain ac cu rate re sults. This can be seen from
the com puter sim u la tions in the next sec tion. 

The in fi nite sums in both Eqs. (15) and (16) are not nec es sary be cause as |u| and |v| in -
crease, k kx yvu

2 2+   will ex ceed k2 and this makes k z uv
 in Eq. (5) imag i nary.  For imag i nary k z uv

,
the cor re spond ing com po nents in Eqs. (15) and (16) be come ev a nes cent waves that at ten u -
ate rap idly along the z axis (usu ally within a few wave lengths).  Let k x u

 change from –k to k;
ac cord ing to Eq. (10), u will then change from –umax(k) to umax(k), where umax(k) is an in te ger
that is larger than but is the clos est to kRx/p, or, 

From Eqs. (5) and (11), the change of v is al lowed to be from –vmax(u,k) to vmax(u,k), where
vmax(u,k) is an in te ger that is larger than but is the clos est to R k u Ry x

2 2-( / ) /p p .  Us ing
these con di tions, Eq. (15) can be writ ten as: 
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The Fou rier trans form in terms of time in Eq. (18) can be cal cu lated with the dis crete Fou -
rier trans form (DFT) or fast Fou rier trans form (FFT).49  Cor re spond ing to Eq. (14), Eq. (18)
can be sim pli fied for a 1D ar ray of an in fi nite height in el e va tion di rec tion:

where 
r
r x z= ( , ), 

r
K k ku x zu u

= ( , ) and where k k kz xu u
= -2 2 . 

In a prac ti cal ul tra sonic im ag ing sys tem, A(k) in Eqs. (18) and (19) is a bandpass func tion
and can be ap prox i mately mod eled as a Blackman win dow func tion:50

where kc=2pfc/c and fc is the cen ter fre quency.  Thus the -6dB band width of A(k) is about
81% of its cen ter fre quency, which is typ i cal for med i cal ul tra sound.  Due to the bandlimited
na ture, the com pu ta tion for Eqs. (18) and (19) can be fur ther re duced (fewer dis crete w are
needed). 

It is worth not ing that if the ap er ture-weight ing func tion is ax i ally sym met ric, the lim ited
dif frac tion ar ray beam method for 2D ar ray trans duc ers can be sim pli fied to the Fou -
rier-Bessel method stud ied pre vi ously where an an nu lar ar ray trans ducer can be used.37-39 

The lim ited dif frac tion ar ray beam 
~

( , )FArray
uv r

r
w  , in Eq. (6) can be used to con struct other ax i -

ally sym met ric lim ited dif frac tion beams that are a func tion of a ra dial dis tance r x y= +2 2

but are not a func tion of the az i muthal an gle, -p£q<p.  As sum ing that k x uu
= a qcos  and 

k y uv
= a qsin , where au and q are free pa ram e ters, from Eq. (5), one ob tains k kz u uuv

= = -b a2 2 .
In sert ing k x u

, k y v
 and k z uv

 into Eq. (6) and av er ag ing the re sult for q from 0 to 2p, one ob tains 
the spec trum of a lim ited dif frac tion Bessel beam18-19, 21 that is a so lu tion to the wave equa tion
Eq. (1):

where u=1,2,3, …,  and J0(aur) is the zeroth-or der Bessel func tion of the first kind.  Sim i lar to
Eq. (7), a lin ear su per po si tion of Eq. (21) is still a so lu tion to the wave equa tion at a sin gle
fre quency (as sum ing that the sum ma tion ex ists): 
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Sim i lar to Eq. (9), any well-be haved ax i ally sym met ric ap er ture weight ing func tion at the
trans ducer sur face (z=0) can be ex pressed as a Fou rier-Bessel se ries48 over the in te ger, u,
with au=qu/R, where qu is the uth root of J0(×) (i.e.,  J0(qu)º0) and R³a is the outer ra dius of the
ap er ture-weight ing func tion of the trans ducer, and where a is the ra dius of the weight ing
func tion (the weight ing func tion is as sumed to be zero for a£r1£R, where r x y1 1

2
1
2= + ):

The co ef fi cient, Du(w), can be ob tained from a for mula sim i lar to Eq. (12):37-39

where 
~

( ; )F r1 w  is the field at the sur face of the trans ducer and J1(×) is the first-or der Bessel
func tion of the first kind.  Equa tions (22) and (24) form the ba sis of the Fou rier-Bessel
method.37-39  They are suit able for cal cu lat ing fields pro duced with an an nu lar ar ray trans -
ducer. Sim i lar sim pli fi ca tion steps lead ing to Eqs. (13) and (18) are also ap pli ca ble to Eqs.
(24) and (22), re spec tively. 

III. SIM U LA TION AND EX PER I MENTAL RE SULTS 

A. Trans ducer and ex per i mental con di tions 

For nu mer i cal ex am ples in the fol low ing sub sec tions, two ar ray trans duc ers are as sumed.
One has 50´50 equal-sized el e ments, while the other has 250´250.  Both ar rays have a to tal
area of 50mm´50mm.  For sim plic ity, kerfs be tween the el e ments are not con sid ered.  The
cen ter fre quency of the trans duc ers is as sumed to be fc=2.5MHz.  In the pulse-wave (pw)
study, a ta pered sine wave of about one-and-a-half cy cles is used to ex cite the trans duc ers: 

where t0=0.4ms.  Tak ing a Fou rier trans form of (Eq. 25), we have: 

where Á t  rep re sents the the Fou rier trans form in terms of time. 
To ver ify the sim u la tion re sults, data from a syn thetic ar ray ex per i ment40 were used to pro -

duce var i ous beams.  In the ex per i ment, a broad band PZT ce ramic/poly mer com pos ite trans -
ducer of about 1 mm ef fec tive di am e ter and 2.5MHz cen ter fre quency was used to scan in a
ras ter for mat.  At the cen ters of el e ments of an equiv a lent 2D ar ray of 50mm wide ap er ture,
the trans ducer emit ted a short pulse.  A polyvinylidene flu o ride (PVDF) nee dle hydrophone
of 0.5mm di am e ter was used to re ceive the waves pro duced by the trans ducer at var i ous spa -
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tial points.  The mea sured data were then used to form var i ous beams by ap ply ing dif fer ent
ap er ture weightings. More de tails of the ex per i ment are given in ref er ence 40. 

B. Sim u la tion and ex per i ment of cw fields 

Three cw fields are stud ied in this sec tion.  The first is a zeroth-or der Bessel beam,18, 19

which has the fol low ing ap er ture weight ing func tion: 

where a=1202.45m-1 is a scal ing pa ram e ter, r x y
m n m n1 1

2
1
2

,
= +  is the ra dius to the cen ter of

the el e ment (m,n) from the cen ter of the ar ray trans ducer and E(w) is a com plex con stant at a
sin gle fre quency. In the case of Bessel beam or any ax i ally sym met ric beams, the Fou -
rier-Bessel method us ing an an nu lar ar ray trans ducer can be used to re duce the com pu ta -
tion.37-39 

The sec ond is a fo cused Gaussi an beam51 with the fol low ing ap er ture weight ing func tion:

where s=15mm with a cor re spond ing full width at half max i mum (FWHM) of 25mm for the
Gaussi an func tion and F=100mm is the fo cal dis tance of the beam. 

The third is an asym met ric ar ray beam, which is de fined as:23-25

where k x0
=1,000 m-1 and k y0

= 500 m-1 are scal ing fac tors of the ar ray beam. 
The sim u la tions for the first two beams are car ried out us ing both Eqs. (13) and (18) for

both 50´50 and 250´250 el e ment ar rays.  For the third beam, re sults are ob tained for the
250´250 el e ment ar ray only.  To re duce the amount of com pu ta tion in ob tain ing the co ef fi -
cients in Eq. (13), we first as sume that Rx=2wx=50 mm and Ry=2wy=50 mm to cal cu late the
co ef fi cients and de note them Du v,

* ( )w . This in creases the step size of both k x u
and k y v

ac cord -
ing to Eqs. (10) and (11), re spec tively. To in crease the ac cu racy of the field cal cu la tion, we
then set Rx=10wx and Ry=10wy. The in creased num ber of co ef fi cients Du,v(w) is ob tained with
a bilinear in ter po la tion (or other more ac cu rate in ter po la tion scheme such as zero pad ding)
from Du v,

* ( )w .  Note that the set tings, Rx=10wx and Ry=10wy, are con ser va tive for the fields
sim u lated in this pa per.  Larger Rx/wx and Ry/wy ra tios are only needed when sim u lated fields
are very far from the trans ducer sur face as com pared to the phys i cal size of the trans ducer or
are out side of the ap er ture pro jec tion area of the trans ducer.  In gen eral, the far ther away a
sim u lated field point is out side of the ap er ture pro jec tion area of a trans ducer or away from
the sur face of the trans ducer, the larger the ra tios will be.  In med i cal im ag ing ap pli ca tions
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where near fields are of con cern, the ra tios can be smaller.  Fur ther re duc tion of com pu ta tion
can be achieved by tak ing ad van tage of the sym me try of the ap er ture weight ing func tions in
Eqs. (27) and (28).  Af ter get ting Du,v(w), a cw ver sion of Eq. (18) is used to cal cu late the field
(see also Eq. (7)):

Fig ure 2 shows the fields sim u lated with lim ited dif frac tion ar ray beam method (us ing
Eqs. (13) and (30)) for both Bessel and fo cused Gaussi an ap er ture weightings as de fined in
Eqs. (27) and (28), re spec tively.  Fig ures 2(a) and 2(c) are pro duced with an ar ray of
250´250 el e ments.  As a com par i son, fields pro duced with an ar ray of 50´50 el e ments but
with the same ar ray di men sion (50 mm´50 mm) are shown in fig ures 2(b) and 2(d).  It is
clear that as the num ber of ar ray el e ments is re duced while the size of each el e ment in creases
(less ac cu rate ap er ture weight ing quantization), the in flu ence of the edge waves of the el e -
ments ap pear at dis tances near the sur face of the trans ducer.  Af ter some dis tance, the in flu -
ence is neg li gi ble.  In ad di tion, the Bessel beam has a very large depth of field as com pared
with the fo cused Gaussi an beam.  Fig ures 3 and 4 show a com par i son among the re sults ob -
tained from the lim ited dif frac tion ar ray beam method, the Ray leigh-Sommerfeld dif frac -
tion for mula, and the syn thetic ar ray ex per i ment.40  The re sults of the lim ited dif frac tion
ar ray beam method and the RS method are vir tu ally the same.  How ever, the lim ited dif frac -
tion ar ray beam method al lows very ac cu rate and fast com pu ta tion for fields near the sur face
of trans duc ers as com pared to the RS method.  In the RS method, fast phase changes near the
sur face of the trans duc ers make the con ver gence of dou ble in te gra tion dif fi cult.  The re sults
also agree well with those ob tained with the syn thetic ar ray ex per i ment.  Some dif fer ences
be tween the sim u la tion and ex per i ment are due to the in ac cu ra cies of the syn thetic ar ray ex -
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FIG. 2 Cw fields (through the ax ial axis) sim u lated with lim ited dif frac tion ar ray beams for a Bessel beam ((a)
and (b)) and a fo cused Gaussi an beam ((c) and (d)) that are pro duced with a 2.5 MHz and 50 mm ́  50 mm 2D ar ray
trans ducer of 250 ́  250 ((a) and (c)) and 50 ́  50 ((b) and (d)) square el e ments.  The hor i zon tal di men sions of the im -
ages are along the z axis and the ver ti cal di rec tion is trans verse to the beams.  Stepwise ap er ture weightings are as -
sumed for both Bessel and fo cused Gaussi an beams.  The scal ing pa ram e ter a for the Bessel weight ing is 1202.45
m-1.  The fo cal length and the full-width-at-half-max i mum (FWHM) of the fo cused Gaussi an weight ing are 100 mm
and 25 mm, re spec tively.  The im ages are log com pressed with a dy namic range of 40 dB. 
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per i ment, such as the size of the point source, po si tion ing in ac cu ra cies in both trans verse and 
ax ial di rec tions, noise and in flu ence of non lin ear prop a ga tion of waves in wa ter. 

Let us see an ex am ple show ing rel a tive com pu ta tion speed be tween the method with lim -
ited dif frac tion ar ray beams and the RS method.  A cw filed is cal cu lated un der the same con -
di tions as those for fig ure 2(b) ex cept that Rx=10wx and Ry=10wy are di rectly used in Eq. (13)
to get co ef fi cients with out any in ter po la tions.  In this case, with a 3.0GHz Intel Pentium 4
com puter of 2GB mem ory and a C pro gram in Linux, it takes about 22 min utes and 19.2 sec -
onds to cal cu late the co ef fi cients with Eq. (13) and ad di tional 95 min utes and 42 sec onds to
get the field us ing Eq. (30).  With the RS method, it takes about 108 min utes and 3.6 sec onds
to cal cu late only one ver ti cal line at a depth of 100 mm shown in fig ure 3(b).  There are 210
ver ti cal lines in fig ure 2(b) and each line has 125 points.  This means that to ob tain the same
ver ti cal line, the lim ited dif frac tion ar ray beam method re quires only about 27.34 sec onds if
the co ef fi cients are pre cal cu lated with Eq. (13).  If in ter po la tions are used, the time for get -
ting the co ef fi cients with Eq. (13) can be re duced. 

For the asym met ri cal ar ray beam weight ing in Eq. (29), sim u la tion re sults are ob tained for
only one ar ray of 250´250 el e ments.   Un like the for mat of fig ure 2, the asym met ri cal beam
is shown in the x-y plane (Fig. 5) at sev eral depths.  Figure 6 com pares the re sults be tween the 
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FIG. 3 Lat eral line plots of the cw Bessel beams in fig ure 2 at ax ial dis tance z = 100 mm away from the sur face of
the 2D ar ray trans ducer of (a) 250 ́  250 and (b) 50 ́  50 square el e ments, re spec tively.  Solid lines rep re sent sim u la -
tion re sults with lim ited dif frac tion ar ray beams while dashed lines are the re sults with the Ray leigh-Sommerfeld
dif frac tion for mula.  Dot ted lines are the ex per i ment re sults ob tained with the syn thetic ar ray ex per i ment de scribed
in ref er ence 40.



lim ited dif frac tion ar ray beam method and the syn thetic ar ray ex per i ment.  The re sults also
agree well with each other.

C. Sim u la tion and ex per i ment for pw fields 

Zeroth-or der X wave, fo cused Gaussi an pulse and asym met ri cal ar ray beam pulse fo cused 
in the x di rec tion are sim u lated and ver i fied by the syn thetic ar ray ex per i ment in the fol low -
ing pw stud ies.  Sim i lar com pu ta tion re duc tion meth ods for cw fields are also used for pw
fields.  Rx=10wx and Ry=10wy are as sumed in the sim u la tion. 

For a zeroth-or der X wave, the spec trum of the ap er ture weight ing func tion is given by: 

where a0=0.05 mm is a pa ram e ter that de ter mines the fall-off speed of the high-fre quency
com po nents of X waves, z=40 is an Axicon an gle52, 53 and c=1,500 m/s is the speed of sound
in wa ter. 
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FIG. 4 Same as fig ure 3, ex cept that it is for the cw fo cused Gaussi an beam.  The fo cal length and the FWHM of
the beam are the same as those in fig ure 2. 
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FIG. 5 Trans verse cw fields sim u lated with lim ited dif frac tion ar ray beams for an asym met ri cal grid ar ray
beam23-25 that is pro duced with a 2.5 MHz and 50 mm ́  50 mm 2D ar ray trans ducer of 250 ́  250 square el e ments at
four ax ial dis tances, (a) z = 50 mm, (b) z = 100 mm, (c) z = 150 mm and (d) z = 216 mm away from the trans ducer sur -
face.  A stepwise ap er ture weight ing is as sumed for the asym met ri cal grid ar ray beam.  The scal ing pa ram e ters are
1000 m-1 and  500 m-1 along the x1 and y1 axes, re spec tively.  The im ages are log com pressed with a dy namic range of
40 dB. 
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FIG. 6  Lat eral line plots of the cw asym met ri cal ar ray beam in fig ure 5 at two ax ial dis tances, z = 100 mm ((a)
and (b)) and z = 216 mm ((c) and (d)).  At each dis tance, line plots are given in both the x ((a) and (c)) and y ((b) and
(d)) axes.  Solid lines rep re sent sim u la tion re sults with lim ited dif frac tion ar ray beams while dot ted lines are re sults
with the syn thetic ar ray ex per i ment de scribed in ref er ence 40.
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FIG. 7 An X wave (through the ax ial axis) sim u lated with lim ited dif frac tion ar ray beams and pro duced with a
2.5 MHz and 50 mm ́  50 mm 2D ar ray trans ducer of 50 ́  50 square el e ments at four ax ial dis tances, (a) z = 100 mm,
(b) z = 170 mm, (c) z = 216 mm, and (d) z = 340 mm, away from the trans ducer sur face. The hor i zon tal di rec tion of
the im ages is the time and the ver ti cal di men sion is trans verse to the wave axis. A broad band pulse ex ci ta tion and a
stepwise ap er ture weight ing are as sumed. The free pa ram e ter, a0, and the Axicon an gle, z, are as sumed to be 0.05
mm and 4 de grees, re spec tively. The trans mit ting trans fer func tion of the 2D ar ray is as sumed to be a Blackman win -
dow func tion peaked at the cen ter fre quency of 2.5 MHz, and the -6dB band width of the ar ray is about 81% of the
cen ter fre quency. The im ages have the same dy namic range as those in fig ure 2.
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FIG. 8 Lat eral plots of the max i mum sidelobes of the X wave in fig ure 7 at two ax ial dis tances, (a) z = 100 mm
and (b) z = 216 mm.  The plots are trans verse to the ax ial axis of the wave.  Solid lines show the sim u la tion re sults us -
ing lim ited dif frac tion ar ray beams and the dot ted lines are those from the syn thetic ar ray ex per i ment.40



For a fo cused Gaussi an pulse, the ap er ture weight ing func tion is the same as that in Eq. (28). 
The ap er ture weight ing func tion of the asym met ri cal ar ray beam fo cused in the x di rec tion

is given by:
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FIG. 9 This fig ure is the same as fig ure 7, ex cept that it is a broad band fo cused Gaussi an pulse at four ax ial dis -
tances, (a) z = 50 mm, (b) z = 100 mm, (c) z = 150 mm and (d) z = 216 mm away from the trans ducer sur face.  The fo -
cal length and the FWHM of the pulse are the same as those of the cw fo cused Gaussi an beam in fig ure 2. 
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FIG. 10 Same as fig ure 8, ex cept that it shows the lat eral plots of the max i mum sidelobes of the fo cused Gaussi an 
pulse in fig ure 9 at two ax ial dis tances.
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FIG. 11 Same as fig ure 9, ex cept that it is a broad band fo cused asym met ri cal ar ray beam.  Beam pro files in the
x-t plane are shown.  The scal ing pa ram e ters in the x1 and y1 di rec tions are the same as those of the cw asym met ri cal
ar ray beam in fig ure 5.  A cy lin dri cal lens of a fo cal length of 100 mm is added in the x1 di rec tion. 
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FIG. 12 Same as fig ure 8, ex cept that it is for the asym met ri cal ar ray beam with a lens added in the x1 di rec tion as
shown in fig ure 11.
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where F=100 mm is the fo cal length and other pa ram e ters are the same as those in Eq. (29). 
Af ter ob tain ing the co ef fi cients Du,v(w) with Eq. (13), from the ap er ture weight ing func -

tions Eqs. (28), (31) and (32), pw waves can be cal cu lated with Eq. (18). 
Fig ure 7 shows an X wave sim u lated with the lim ited dif frac tion ar ray beam method (us -

ing Eqs. (13) and (18)) at four ax ial dis tances us ing a 50´50 el e ment ar ray trans ducer.  The
ap er ture weight ing func tion is given by Eq. (31).  The shape of the let ter ‘X’ is ev i dent in the
im ages.  The cen ter spot of the wave keeps its shape over a large trav el ing dis tance.  The X
wave is broad band (has a short tem po ral du ra tion).  Fig ure 8 shows the max i mum sidelobes
at two ax ial dis tances and com pares the re sults ob tained with the lim ited dif frac tion ar ray
beam method with the syn thetic ar ray ex per i ment.40

A fo cused pw Gaussi an beam is shown in fig ure 9 in a sim i lar for mat as that of figure7.
The ap er ture weight ing func tion is given by Eq. (28) and is the same as that of the cw fo cused 
Gaussi an beam in fig ure 2 ex cept that the band width in fig ure 9 is wide, re sult ing in a short
pulse.  Other pa ram e ters of the beam are the same as those in fig ure 2.  The max i mum
sidelobes of the pulse at two ax ial dis tances are shown in fig ure 10 for re sults from both the
sim u la tion and the syn thetic ar ray ex per i ment. 

Fig ure 11 shows an asym met ri cal ar ray beam pulse fo cused at 100 mm in the x di rec tion. 
The pulse is shown in the x-t plane through the ax ial axis, z, in a sim i lar for mat as that of fig -
ure 9. The Fou rier trans form char ac ter is tic at the fo cal dis tance is clearly seen (a do nut-hole
shape of the pulse).  The com par i son be tween the sim u la tion in fig ure 11 and the re sults ob -
tained with the syn thetic ar ray ex per i ment is shown in fig ure 12.

IV. CONCLUSION

In this pa per, a method to cal cu late con tin u ous wave (cw) and pulse wave (pw) fields of
two-di men sional (2D) ar ray trans duc ers is de vel oped us ing lim ited dif frac tion ar ray beams.23-25

This method can also be sim pli fied for one-di men sional (1D) ar ray trans duc ers.  When the
method is ap plied to ax i ally sym met ric beams, where an nu lar ar ray trans duc ers are used, it
can be re duced to the Fou rier-Bessel method stud ied pre vi ously.37-39 

Com puter sim u la tions and a syn thetic ar ray ex per i ment show that the method is ac cu rate
and fast as com pared to the con ven tional Ray leigh-Sommerfeld dif frac tion for mula.41  How -
ever, as can be seen from the der i va tion of the the ory, this method is only valid for ap pli ca -
tions where lin ear ity of wave prop a ga tion can be as sumed. 
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